COMPUTING UPPER CLUSTER ALGEBRAS

JACOB MATHERNE AND GREG MULLER

ABSTRACT. This paper develops techniques for producing presentations of upper clus-
ter algebras. These techniques are suited to computer implementation, and will always
succeed when the upper cluster algebra is totally coprime and finitely generated. We
include several examples of presentations produced by these methods.

1. INTRODUCTION

1.1. Cluster algebras. Many notable varieties have a cluster structure, in the following
sense. They are equipped with distinguished regular functions called cluster variables,
which are grouped into clusters, each of which form a transcendence basis for the field of
rational functions. Each cluster is endowed with mutation rules for moving to other clus-
ters, and in this way, every cluster can be reconstructed from any other cluster. Example
where this occurs include semisimple Lie groups [BFZ05], Grassmannians [Sco06], partial
flag varieties [GLSO08|, moduli of certain local systems [FGO6], and others.

Given a some cluster structure, the obvious algebra to consider is the cluster algebra
A, the ring generated by the cluster variablesﬂ However, from a geometric perspective,
the more natural algebra to consider is the upper cluster algebra U, defined by intersecting
certain Laurent rings (see Remark for the explicit geometric interpretation).

The Laurent phenomenon guarantees that A C U. This can be strengthened to an
equality A = U in many of the geometric examples and simpler classes of cluster algebras
(such as acyclic and locally acyclic cluster algebras [BEZ05] Mull3]). In most cases where
A = U is known, the structures and properties of the algebra A = U are fairly well-
understood; for example, [BEZ05, Corollary 1.21] presents an acyclic cluster algebra as a
finitely generated complete intersection.

However, there are examples where A C U; the standard counterexample is the Markov
cluster algebra (see Remark for details). In these examples, both A and U are more
difficult to work with directly, and either can exhibit pathologies. For example, the Markov
cluster algebra is non-Noetherian [Mull3], and Speyer recently produced a non-Noetherian
upper cluster algebra [Spel3].

1.2. Presenting upper cluster algebras. Nevertheless, because of its geometric nature,
the authors expect that an upper cluster algebra U/ is generally better behaved than its
cluster algebra A. This is supported in the few concretely understood examples where
A C U; however, the scarcity of examples makes investigating U difficult.
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1Technically, the construction of the cluster algebra used in this note includes the inverses to a finite set.
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The goal of this note is to alleviate this problem by developing techniques to produce
explicit presentations of /. The main tool is the following lemma, which gives several
computationally distinct criteria for when a Noetherian ring S is equal to U.

Lemma 1.2.1. If A is a cluster algebra with deep ideal I, and S is a Noetherian ring
such that A C S C U, then the following are equivalent.

(1) S=U.

(2) S is normal and codim(SD) > 2.

(8) S is S2 and codim(SD) > 2.

(4) Exti(S/SD,S) =0.

(5) Sf = (Sf : (SD)*°) for every product f = x1xa...xy, of the variables in a cluster.
(6) Sf = (Sf: (SD)>®) for any product f = x1xo...2y, of the variables in a cluster.

If Sf # (Sf : (SD)>), then (Sf : (SD)>°)f~1 contains elements of U not in S.

Here, the deep ideal D is the ideal in A generated by the products of the mutable cluster
variables in each cluster (see Section .

This lemma is constructive, in that a negative answer to condition (5) explicitly provides
new elements of . Even without a clever guess for a generating set of U, iteratively
checking this criterion and adding new elements can produce a presentation for /. Speyer’s
example demonstrates that this algorithm cannot always work; however, if U is finitely
generated, this approach will always produce a generating set (Corollary .

Naturally, we include several examples of these explicit presentations. Sections [6] and [7]
contain presentations for the upper cluster algebras of the seeds pictured in Figure

FIGURE 1. Seeds of upper cluster algebras presented in this note.

Remark 1.2.2. To compute examples, we use a variation of Lemma involving lower
bounds and upper bounds, which requires that our cluster algebras are totally coprime.

2. CLUSTER ALGEBRAS

Cluster algebras are a class of commutative unital domains. Up to a finite localiza-
tion, they are generated in their field of fractions by distinguished elements, called cluster
variables. The cluster variables (and hence the cluster algebra) are produced by an recur-
sive procedure, called mutation. While cluster algebras are geometrically motivated, their
construction is combinatorial and determined by some simple data called a ‘seed’.
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2.1. Ordered seeds. A matrix M € Mat,, ., (Z) is skew-symmetrizable if there is a non-
negative, diagonal matrix D € Mat,, ,,(Z) such that DM is skew-symmetric; that is, that
(DM)T = —DM.

Let n > m > 0 be integers, and let B € Mat,, ,,,(Z) be an integer valued n x m-matrix.
Let BY € Mat,, ,n(Z) be the principal part, the submatrix of B obtained by deleting the
last n — m rows.

An ordered seed is a pair (x, B) such that...

e B € Mat,, ,,(Z),
e B is skew-symmetrizable, and
e x = (x1,...,2,) is an n-tuple of elements in a field F of characteristic zero, which
is a free generating set for F as a field over Q.
The various parts of an ordered seed have their own names.

e The matrix B is the exchange matriz.

e The n-tuple x is the cluster.

e Elements z; € x are cluster variablesﬂ These are further subdivided by index.
— If 0 <i <m, x; is a mutable variable.
— If m <i<n, z;is a frozen variable.

The ordering of the cluster variables in x is a matter of convenience. A permutation
of the cluster variables which preserves the flavor of the cluster variable (mutable/frozen)
acts on the ordered seed by reordering x and conjugating B.

A skew-symmetric seed (x, B) can be diagrammatically encoded as an ice quiver (Figure
2). Put each mutable variable z; in a circle, and put each frozen variable x; in a square.
For each pair of indices 7 < j with ¢ < m, add Bj; arrows from i to j, where ‘negative
arrows’ go from j to i.

()

0 -3
X:{$17$2,x3},B: 3 0 Q:
-2 1

(o) fws]

FIGURE 2. The ice quiver associated to a seed
A seed (x,B) is called acyclic if Q does not contain a directed cycle of mutable vertices.
The seed in Figure [2] is acyclic.

2.2. Cluster algebras. Given an ordered seed (x,B) and some 1 < k < m, define the
mutation of (x,B) at k to be the ordered seed (x’,B’), where

Bjk “Bik) 1 e

x; otherwise
Bl . —Bi; ifi=korj=k
ij * Bij 4 M otherwise

Since (x’, B') is again an ordered seed, mutation may be iterated at any sequence of indices
in 1,2, ...,m. Mutation twice in a row at k returns to the original ordered seed.

2Many authors do not consider frozen variables to be cluster variables, instead referring to them as
‘geometric coefficients’, following [FZ07].
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Two ordered seeds (x,B) and (y, C) are mutation-equivalent if (y, C) is a obtained from
(x,B) by a sequence of mutations and permutations.

Definition 2.2.1. Given an ordered seed (x, B), the associated cluster algebra A(x,B)
is the subring of the ambient field F generated by

{z7' |m<i<n}u U y
(v,C)~(x,B)

A cluster variable in A(x, B) is a cluster variable in any ordered seed mutation-equivalent
to (x,B), and it is mutable or frozen based on its index in any seed. A cluster in A(x, B)
is a set of cluster variables appearing as the cluster in some ordered seed. Mutation-
equivalent seeds define the same cluster algebra A. The seed will often be omitted from
the notation when clear.

A cluster algebra A is acyclic if there exists an acyclic seed of A; usually, an acyclic
cluster algebra will have many non-acyclic seeds as well. Acyclic cluster algebras have
proven to be the most easily studied class; for example, [BFZ05, Corollary 1.21] gives a
presentation of A with 2n generators and n relations.

2.3. Upper cluster algebras. A basic tool in the theory of cluster algebras is the fol-
lowing theorem, usually called the Laurent phenomenon.

Theorem 2.3.1 (Theorem 3.1, [FZ02]). Let A be a cluster algebra, and x = {x1, T2, ..., Tn }
be a cluster in A. As subrings of F,

AcCZzit, ..

n

This is the localization of A at the mutable variables xy, ..., Ty, .

The theorem says elements of A can be expressed as Laurent polynomials in many
different sets of variables (one such expression for each cluster). The set of all rational
functions in F with this property is an important algebra in its own right, and the central
object of study in this note.

Definition 2.3.2. Given a cluster algebra A, the upper cluster algebra U is defined
U:= ﬂ ZzE, . at) C F

clusters
x={z1,...,xn} in A
The Laurent phenomenon is equivalent to the containment A C U.
Proposition 2.3.3. [Mull3l Proposition 2.1] Upper cluster algebras are normal.

Remark 2.3.4. Any intersection of normal domains in their fraction field is normal.

2.4. Lower and upper bounds. The cluster algebras that have finitely many clusters
have an elegant classification by Dynkin diagrams [FZ03]. However, such finite-type cluster
algebras are quite rare; even the motivating examples are frequently infinite-type. Working
with infinite-type A or U can be daunting because the definitions involve infinite generating
sets or intersections (this is especially a problem for computer computations).

Following [BFZ05], to any seed x, we associate bounded analogs of A and U called
lower and upper bounds. The definitions are the same, except the only seeds considered
are x and those seeds a single mutation away from x.

As a standard abuse of notation, for a fixed seed (x = {z1, 2, ..., n}, B), let 2} denote
the mutation of z; in (x,B).
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Definition 2.4.1. Let (x,B) be a seed in F.
The lower bound Ly is the subring of F generated by {x1,x2,...,z,}, the one-step
mutations {z{,z}, ..., ¥, }, and the inverses to invertible frozen variables {z;.",,...,z;;'}.
The upper bound Uy is the intersection in F of the n+ 1 Laurent rings corresponding
to x and its one-step mutations.

gl +1 +1 £1 skl 1 +1
Uy =Lz, ... ]ﬂﬂZ[xl ey Ty T T ey Ty |
i

The names ‘lower bound’ and ‘upper bound’ are justified by the obvious inclusions
Ly CACU CUyx

When does U = Uyx? A seed (x,B) is coprime if every pair of columns in B are linearly
independent. A cluster algebra is totally coprime if every seed is coprime.

Theorem 2.4.2 (Corollary 1.7, [BEZ05]). If A is totally coprime, then U = Uy for any
seed (x,B).

Mutating a seed can make coprime seeds non-coprime (and vice versa), so verifying a
cluster algebra is totally coprime may be hard in general. A stronger condition is that the
exchange matrix B has full rank (ie, kernel 0); this is preserved by mutation, so it implies
the cluster algebra A(B) is totally coprime.

Theorem 2.4.3 (Proposition 1.8, [BEZ05]). If the exchange matriz B of a seed of A is
full rank, then A is totally coprime.

Of course, there are many totally coprime cluster algebras which are not full rankﬂ

3. REGULAR FUNCTIONS ON AN OPEN SUBSCHEME

This section collects some generalities about the ring we denote I'(R, I) — the ring of
regular functions on the open subscheme of Spec(R) whose complement is V(I) — and
relates this idea to cluster algebras. Throughout this section, let R be a domain with
fraction field F (R)H

3.1. Definition. For any ideal I C R, define the ring I'(R, I) as the intersection (taken
in F(R))

I(R,I):= (] R

rel\{0}

Remark 3.1.1. In geometric terms, I'(R, I) is the ring of rational functions on Spec(R)
which are regular on the complement of V(I). As a consequence, I'(R, I) only depends on
I up to radical. Neither of these facts are necessary for the rest of this note, however.

Proposition 3.1.2. If I is generated by a set m C R\{0}, then

D(R,I)= () R[r]

reT

3Proposition provides a class of such examples.
4A1l rings in this note are commutative and unital, but need not be Noetherian.
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Proof. Choose some f € I, and write f =} b.7, where g is a finite subset of 7. Let
g € Nyer RIr™]; therefore, there are n, € R and o, € N such that g = 2= for all r € 7.

Define o
5 =1+ Z Qp

TETO

and consider f%g. Expanding f% = (3 brr)ﬁ , every monomial expression in the {r}
contains at least one r’ € my with exponent greater or equal to «,. Since r'*"g =n, € R,
it follows that fg € R and g € R[f!]. Therefore, " . R[r~!] CT(R,I). O

rem
Proposition 3.1.3. I[f RC S CT'(R,I), then T'(R,I) =T'(S,SI).

Proof. For i € I, T(R,I) C R[r~ '], and so S C R[r~']. Then S[r~!] = R[r~!] for all
r € I. If w generates I over R, then 7 generates SI over S. By Proposition [3.1.2

D(R,I)=(\Rlr']= (S =T(S, 85I

rem remw

This completes the proof. O

3.2. Upper cluster algebras. The relation between a cluster algebra A and its upper
cluster algebra U is an example of this construction. Define the deep ideal D of A by

D:= Z Axizs.. 20,

clusters {z1,z2,...,2n}
That is, it is the A-ideal generated by the product of the mutables variables in each cluster.
Proposition 3.2.1. T(A,D) = U.

Proof. Since D is generated by the products of the mutable variables in the clusters,

N(A,D) = ﬂ Al(z122..2m) 7Y
clusters {z1,z2,..., T}
= ﬂ ZlzE ot at

clusters {z1,22,...,xn }

Thus, T'(A,D) = U. 0

Remark 3.2.2. The proposition is equivalent to the following well-known geometric inter-
pretation of U. If {x1,...,x,} is a cluster, then the isomorphism

Al(z129..20) 7Y ~ ZaF 2F L 2t
determines an open inclusion G} — Spec(A)ﬂ The union of all such open affine sub-
schemes is a smooth open subscheme in Spec(A), whose complement is V(]D))H The
proposition states that U is the ring of regular functions on this union.

5These open algebraic tori are called toric charts in [Sco06] and cluster tori in [Mull3).
6This union is called the cluster manifold in [GSV03).
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3.3. Upper bounds. Let (x,B) be a seed with x = {x1,x2,...,2z,}. As in Section
let 2 denote the mutation of z; in x. The lower deep ideal Dy is the Ly-ideal

Dy = Ly(z122...2m) + ZLx(xlzcg...xi_lxgxiﬂ...:cm)

K2

Proposition has an analog.
Proposition 3.3.1. I'(Ly, Dy ) = Usx
Proof. Since Dy is generated by the products of the mutable variables in L,

[(Ly,Dy) = Lx[(xlxg...xm)fl]mﬂLx[(xlxz...x;...xm)*]

ey Ly 3

K3
Z[xfla---,xfl]ﬂmZ[:cfl,. oF
i

Thus, T'(Lyx, Dy) = Ux. O

In practice, I'(Lyx,Dx) is much easier to work with than I'(A, D), because the objects
involved are defined by finite generating sets.

Remark 3.3.2. For any set of clusters S in A, one may define Lg generated by the variables
in S, Ug as the intersection of the Laurent rings of clusters in S, and Dg an ideal in Lg
generated by the products of clusters in S. Again, one has Us = T'(Lg,Dg).

4. CRITERIA FOR I'(R, )

Given a ‘guess’ for I'(R, I) — a domain S such that R C S C I'(R, I) — there are several
criteria for verifying if S = I'(R, I). This section develops these criteria.

4.1. Saturations. Given two ideals I, J in a domain R, define the saturation
(J:I*)={reR|Vgel, IneNst. rg"eJ}
Computer algebra programs can compute saturations when R is finitely generated.

Remark 4.1.1. When I is not finitely generated, this definition of saturation may differ
from the infinite union (J,,(J : I"), which amounts to reversing the order of quantifiers.

Saturations can be used to compute the sub-R-module of I'(R, I) with denominator f.
Proposition 4.1.2. If f € R\{0}, then
RfT'NT(R,I) = (Rf : I™)f~!

Proof. If g € RN fT(R, I), then for any r € I\{0}, we may write gf ' = hr~™ for some
he€ Rand m €N. Then gr'"™* =hf € Rf; and so g € (Rf : I*®).

If g € (Rf : I*°), then for any r € I, there is some m such that gr™ € Rf. Tt follows
that gf~! € Rr—™ C R[r~!]. Therefore, gf~* € T'(R,I), and so g € fT'(R,I). O

Saturations can also detect when R =T'(R, I).
Proposition 4.1.3. Let f € I\{0}. Then R=T(R,I) if and only if Rf = (Rf : I*°).
Proof. It R=T(R,I), then (Rf :I*)=RfNI(R,I) = Rf.
Assume Rf = (Rf : I*°). Let g € I'(R,I), and let n be the smallest integer such that
f"g € R. If n > 1, then
f(f"'g) € RN(ST(R,D)) = (Rf : 1) = Rf
and so f"~lg € R, contradicting minimality of n. So g € R, and so I'(R,I) = R. O
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4.2. The saturation criterion. Given a ring S with R C S C I'(R, I), the following
lemma gives a necessary and computable criterion for when S = I'(R, I). Perhaps more
importantly, if S C I'(R, I), it explicitly gives new elements of I'(R, '), which can be used
to generate a better guess S CT'(R, ).

Lemma 4.2.1. Let RC S CT(R,I). For any f € I\{0},
SC(Sf:(SN®)f CT(R,I)
Furthermore, either

e S=T(R,I), or
© SC(Sf:(SD™)fH CT(R).

Proof. By Proposition ['(R,I) = T(S,SI). The containment (Sf : (SI)*)f~! C
I'(R,I) follows from Proposition The containment S C (Sf : (SI)®)f~! is clear
from the definition of the saturation. If (Sf : (SI)*)f~! = S, then Proposition
implies that S =T'(R, I). O

4.3. Noetherian algebraic criteria. When the ring S is Noetherian, there are several

alternative criteria to verify that S = I'(R, I )E| When S is also normal, these criteria are

sharp, but none of them can give a constructive negative answer similar to Lemma
The definitions of ‘codimension’, ‘S2’ and ‘depth’ used here are found in [Eis95].

Lemma 4.3.1. Let R C S C I'(R,I). If S is Noetherian, then each of the following
statements implies the next.

(1) S is normal and codim(SI) > 2.

(2) S is S2 and codim(ST) > 2.

(3) depthg(SI) > 2; that is, Exts(S/SI,S) = 0.
(4) S =T(R,I).

If S is normal and Noetherian, then the above statements are equivalent.

Proof. (1) = (2). By Serre’s criterion [Eis95, Theorem 11.5.i], a normal Noetherian
domain is S2.

(2) = (3). The S2 condition implies that every ideal of codimension > 2 has depth > 2;
see the proof of [Eig95, Theorem 18.15]E|

(Not 4) = (Not 3). Assume that S C I'(R,I), and let f € I. By Lemma and
Proposition

SC(Sf:(SDH™)ft=8f"tnT(S,SI)

Since S is Noetherian, ST is finitely-generated, and so it is possible to find an element
g € Sf~1NT(S,SI) such that g ¢ S but gI C S. The natural short exact sequence

0—S—Sg—Sg/S—0

is an essential extension, and so Exty(Sg/S,S) # 0.
The map S/ST — Sg/S which sends 1 to g is a surjection, and its kernel K is a torsion
S-module. Hence, there is a long exact sequence which contains

- — Homg(K,S) — Exts(Sg/S,S) — Exts(S/SI,S) —
Since K is torsion, Homg(K,S) = 0, and so Ext}(S/SI,S) # 0.
(S normal) + (Not 1) = (Not 4). Assume that S is normal, and that codim(SI) = 1.
Therefore, there is a prime S-ideal P containing SI with codim(P) = 1. By Serre’s

7However, even when R is Noetherian, one cannot always expect that I'(R, I) is Noetherian.
8Some sources take this as the definition of S2.
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criterion [Eis95, Theorem 11.5.ii], the localization Sp is a discrete valuation ring. Let
v : F(S)* — Z be the corresponding valuation.

Let ai,as, ...,a; generate P over S. Then ai,as,...,a; generate SpP over Sp. There
must be some a; with v(a;) = 1, and this element generates SpP. Reindexing as needed,
assume that v(a;) = 1. For each a;, there exists f;, g; € S — P such that

fi v(a;
111( )
Let d = ged(v(a;)). Then, for all 1 <k < j,

a;

d
1 Tan AR Eonl -
375:@ Hgi(l) :(d> Hgi(l) ES[akl]
1

1<i<j @k 1<i<y

itk
It follows that € I'(S, P) C I'(S,SI) = I'(R,I). However, since v(x) = —d, it follows
that ¢ S, and so S #T'(R,I). O

Remark 4.3.2. The implication (1) = (4) is one form of the ‘algebraic Hartog lemma’, in
analogy with Hartog’s lemma in complex analysis.

Remark 4.3.3. The assumption that S is Noetherian is essential. If
R=S=CJ[z"|te€Qx0]]

is the ring of Puiseux series without denominator, and I is generated by {z'};~o, then R
is normal and Fxt!'(R/I, R) = 0. Nevertheless,

D(RI)=C[z" [teQ]#R
is the field of all Puiseux series.
4.4. Criteria for Y. We restate the previous criteria for upper cluster algebras.

Lemma 4.4.1. If A is a cluster algebra with deep ideal D, and S is a Noetherian ring
such that A C S C U, then the following are equivalent.

(1) S=U.

(2) S is normal and codim(SD) > 2.

(3) S is S2 and codim(SD) > 2.

(4) Exti(S/SD,S) =0.

(5) Sf = (Sf : (SD)*°) for every product f = x1xa...zy, of the variables in a cluster.

(6) Sf = (Sf: (SD)*>°) for any product f = x125...2, of the variables in a cluster.
If Sf # (Sf : (SD)>), then (Sf : (SD)*)f~1 contains elements of U not in S.

However, we are interested in infinite-type cluster algebras, where the containments
A C § C U cannot be naively verified by hand or computer. This is where lower and
upper bounds are helpful, since the analogous containments can be checked directly.

Lemma 4.4.2. If (x,B) is seed in a totally coprime cluster algebra A and S a Noetherian
ring such that Ly C S C Ux, then the following are equivalent.

(1) S=Ux=U.

(2) S is normal and codim(SDy) > 2.

(8) S is S2 and codim(SDy) > 2.

(4) Exti(S/SDy,S) = 0.

(5) Sf =(Sf: (SD)*®) for any product f = x1xa...z,, of the variables in x.
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If Sf # (Sf : (SDx)>®), then (Sf : (SDx)>®)f~! contains elements of U not in S.
Note that Uy is normal by Remark [2:3.4] and so the strong form of Lemma[£.3.I] applies.

Remark 4.4.3. Criterion (2) was used implicitly in the proofs of [BFZ05, Theorem 2.10]
and [Sco06, Proposition 7], and a form of it is stated in [FP13, Proposition 3.6].

5. PRESENTING U

This section outlines the steps for checking if a set of Laurent polynomials generates a
totally coprime upper cluster algebra U over the subring of frozen variables.

5.1. From conjectural generators to a presentation. Fix aseed (x = {z1,...,z;m}, B)
in a totally coprime cluster algebra A. Let

gl £ +1
ZP = LT 41, Ty s Ty ]

be the coefficient ring — the Laurent ring generated by the frozen variables and their
inverses.

Start with a finite set of Laurent polynomials in Z[xlil, ..., x-1], which hopefully gener-
ates U over ZIP. We assume that all the initial mutable variables x1, ..., z,, are in this set.
Write this set as

L1, L2y - Lms Y1y --- Yp
where N )
i\L1yees Ty +1 +1
Yi = 17 .02 ni GZ[Il s ey Ty ]
R e iy

for some polynomial N;(x1, ..., x,).
e Compute the ideal of relations. Let

S =ZP[x1, ..., Ty Y1, -5 Yp)
be a polynomial ring over ZP (here, the y;s are just symbols). Define I to be the

S-ideal generated by elements of the form
yi (et ag . xom) — Ni(x1, ..., )
as ¢ runs from 1 to p. Let I := (I~ g(xl...:vm)‘x’) be the saturation of I by the
principal S-ideal generated by the product of the mutable variables z1xs...2p,.
Lemma 5.1.1. The sub-ZP-algebra of Z[zE', ..., x| generated by
L1, L2, Lo Y, ooy Up
is naturally isomorphic to the quotient S := g/[
Proof. Let the localization g[(xlxg...mm)*l] is the ring
Z[xlil, TR cees Up)

The induced ideal g[(xlxg...xm)_l]fis generated by elements of the form

y; — (2] My ¥ x, C)N (21, e, T)

and so the quotient S[(z12y...2,) ] /S[(z122...2m) " }]T eliminates the y;s and is
isomorphic to Z[:vfl, ..., z;-1]. The kernel of the composition

S = S[(x129...2) " = Z[zF, . 2

n

consists of elements r € S such that (x122...xm)'r € I for some i; this is the
saturation I. O
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e Verify that Ly C S C Uyx. For the first containment, it suffices to check that
i, xh, ..., xl, € S, because the other generators of Ly are in S by construction.
For the second containment, it suffices to check that for each 1 < ¢ < m and
1<k<p,

yp € ZlaEt, 2 E L et
This is because 1, ..., Ty, xiil, ..., 71 are in Uy by the Laurent phenomenon.

e Check whether S = U using Lemma Any of the four criteria (2) — (5)
in Lemma [£:4.2] can be used. They all may be implemented by a computer, and
each method potentially involves a different algorithm, so any of the four might
be the most efficient computationally.

e If S C U, find additional generators and return to the beginning. If
S # U, then (Sf : (SDx)>°)f~! contains elements of & which are not in S (where
f = x129...2,,). One or more of these elements may be added to the original list
of Laurent polynomials to get a larger guess S’ for . Note that any S’ produced

this way satisfies Ly C S’ C Uy.

5.2. An iterative algorithm. The preceeding steps can be regarded as an iterative al-
gorithm for producing successively larger subrings S C U as follows. Start with an initial
guess Ly C S C Ux. In lieu of cleverness, the lower bound Ly = S makes an functional
initial guess; this amounts to starting with generators 1, ..., p, 2, ..., 2.

Denote S7 := S, and inductively define S; 1 to be the sub-ZP-algebra of Q(z1, x2, ..., Ty, )
generated by S; and (S;f : (S;I)>®°)f~L. If S; is finitely generated over ZP (resp. Noe-
therian), then the saturation (S;f : (5;1)°°) is finitely generated over S; and so S;;1 is
finitely generated over ZP (resp. Noetherian).

This gives a nested sequence of subrings

LxCS =58 C8yCS5C...CU=U
By Lemma [£:21] if S; = S; 41, then S; = Sip1 = Siyo = ... =U = Ux.
Proposition 5.2.1. IfU is finitely generated over S, then for some i, S; =U.
Proof. Let f = x13...x,,. By Proposition [£.1.2]
(Sif : (SiDx)™) = Sif ' nU

Induction on i shows that Sf~*NU C S;;1. If U is finitely generated over S, then there
is some ¢ such that Sf~"*! contains a generating set, and so S; = U. O

Corollary 5.2.2. Let be A a totally coprime cluster algebra, and S = Ly for some seed
m A. IfU is finitely generated, then U = S; for some i.

In other words, this algorithm will always produce U in finitely many steps, even starting
with the ‘worst’ guess Ly.

Remark 5.2.3. This algorithm can be implemented by computational algebra software,
so long as the initial guess S is finitely presented. However, in the authors’ experience,
naively implementing this algorithm was computationally prohibitive after the first step.
A more effective approach was to pick a few simple elements of (S;f : (S;1)>°) and use
them to generate a bigger ring S; 1.

6. EXAMPLES: m=n =3

The smallest non-acyclic seed will have m = n = 3; that is, 3 mutable variables and no
frozen variables. We consider these examples.
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6.1. Generalities. Consider an arbitrary skew-symmetric seed (x,Bg ) with m =n =
3, as in Figure Let Aqp . and Uy p . be the corresponding cluster algebra and upper
cluster algebra, respectively.

0 —a ¢
Ba,b,c a 0 —b Qa,b,c
—c b 0

FI1GURE 3. A general skew-symmetric seed with 3 mutable variables

The seed (x, Bg p,c) is acyclic unless a, b, ¢ > 0 or a, b, ¢ < 0, and permuting the variables
can exchange these two inequalities. Even when a,b,c > 0, the cluster algebra A,
may not be acyclic, since there may be a acyclic seed mutation equivalent to (x,Bg.p,c)-
Thankfully, there is a simple inequality which detects when A, . is acyclic.

Theorem 6.1.1. [BBHI1I| Theorem 1.1] Let a,b,c > 0. The seed (x,Bq ) is mutation-
equivalent to an acyclic seed if and only if a <2,b<2, ¢ <2, or

abc—a? = —24+4<0

Acyclic Agpc = Uy b, can be presented using [BEZ05, Corollary 1.21]; and so we focus
on the non-acyclic cases. As the next proposition shows, these cluster algebras are totally
coprime, and so it will suffice to present U.

Proposition 6.1.2. Let A be a cluster algebra with m = 3. If A is not acyclic, then A is
totally coprime.

Proof. Let (x,B) be a non-acyclic seed for A with quiver Q; that is, there is a directed
cycle of mutable cluster variables. There are no 2-cycles in Q by construction, and so the
directed cycle in Q passes through every vertex. It follows that B;; # 0 if ¢ # j. Then the
ith and jth columns are linearly independent, because B;; = 0 and B;; # 0. Hence, (x, B)
is a coprime seed, and A is totally coprime. O

Remark 6.1.3. This proof does not assume that B? is skew-symmetric or that n = 3 (e,
that there are no frozen variables).

6.2. The (a,a,a) cluster algebra. Consider a = b = ¢ > 0 as in Figure

0 —a a
Ba,a.a a 0 -—a
—a a 0

FIGURE 4. The exchange matrix and quiver for the (a, a,a) cluster algebra
Ifa=0or1, then Ay 44 is acyclicm For a > 2, A, a4 is not acyclic by Theorem

9The notation Uy b, is dangerous, in that it leaves no room to distinguish between the upper cluster
algebra and the upper bound of B, .. However, we will only consider non-acyclic examples, and so by
Theorem these two algebras coincide. The reader is nevertheless warned.

101y fact, finite-type of type A1 x A; X A; or Az, respectively.
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Remark 6.2.1. The case a = 2 was specifically investigated in [BEZ05], as the first example
of a cluster algebra for which A # U, and it has been subsequently connected to the
Teichmiiller space of the the once-punctured torus and to the theory of Markov triples
[FGO7, Appendix B] (Ag 22 is sometimes called the Markov cluster algebra). See Section
for the analog of Us 2 » with a specific choice of frozen variables.

Proposition 6.2.2. For a > 2, the upper cluster algebra U, 4,4 5 generated over 7. by
z{ + x5 + 2§

T1T2T3

I1,%2,T3, M =

The ideal of relations among these generators is generated by
r1xoxgM — i — 25 —x5 =0

Proof. Since a® — 3a? +4 > 0 for a > 2, Theorem implies that this cluster algebra is
not acyclic, and Proposition implies that it is totally coprime.

The element z1z203M — z§ — 2§ — 2§ in Z[z1, 22, 23, M] is irreducible. The ideal it
generates is prime and therefore it is saturated with respect to x1x2x3. By Lemma [5.1.1

S =Z[x1, 2,23, M|/ < x10003M — ¢ — 2§ — 2§ >

is the subring of Z[zlﬂ, xQﬂ, acgtl] generated by x1,z9,x3 and M.

The following identities imply that L, C S.

o) = xowsM — 2971, ah =M — 257, 2l = veaM — 25!

The following identities imply that S C Ux.
P+ (@ +ag) ey (ef 4 af)t ey 4 (af 4 ag)

M - 1a = la = la
T T2T3 T1To T3 L1235

Since S is a hypersurface, it is a complete intersection, and so it Cohen-Macaulay [Eis95]
Prop. 18.13], and in particular it is SQB
Let P be a prime ideal in § containing

Dy =< 1223, T T2T3, T1THT3, T1 ToTy >
Since zyzaxs C P, at least one of {z1,x2,x3} € P by primality. If any two z;, z; are, then
w%:xixjka—x?—x? eP=ux,€P
If only one z; € P, then zjx;x, € P implies that «; € P. Then z; + z/* = z;z,M € P,
which implies M € P. Additionally, z + xy = vizjapM —af € P.
Therefore, P contains at least one of the four prime ideals
(6.1) < x1,%9,23 >, < 1,25 + 25, M >, <z, 2] + 25, M >, < x3, 27 + x5, M >

Since {z1, 22}, {x1, M}, {2, M}, and {x3, M} are each regular sequences in S, it follows
that codim(Dx) > 2. By Lemma S=U. O

Remark 6.2.3. The final step of the proof has some interesting geometric content. In
this case, D = Dy, and the four prime ideals (6.1) are the minimal primes containing D.
Geometrically, they define the irreducible components of V(D); that is, the complement
of the cluster tori.

One of these components (r1 = z2 = x3 = 0) is an affine line on which every cluster
variable vanishes. The other 3 components (z; = ity =M = 0) are geometrically
reducible; over C they each decompose into a-many affine lines. Over C, V(D) consists of

A ring is Cohen-Macaulay if and only if it satisfies the Sn property for every n.
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3a 4 1-many affine lines, which intersect at the point ©1 = x93 = x3 = M = 0 and nowhere
else.

6.3. The (3,3,2) cluster algebra. Consider the initial seed in Figure The cluster
algebra As 3 o is non-acyclic, by Theorem Up to permuting the vertices, it is the
only non-acyclic A p . with 0 < a,b, ¢ < 3 besides Az 22 and Ajz 3 3.

@)
0 -3 2
B= 3 0 -3 Q= ,/A\
-2 3 0
=

FIGURE 5. The exchange matrix and quiver for the (3,3,2) cluster algebra.

Proposition 6.3.1. The upper cluster algebra Us 3.5 is generated over Z by

Z1,T2,T3,
T3+ a3 + a3 75 + 2irs + 2 + 23
Yo = y Y1 = ’
123 T12223
Yy = 2§ + 22223 + vy a3z + 22303 + xf + 23wz + 1123 + 24
2x013 ’
s — o3 + 32328 + 32522 + 3xixd + 332322 + 3323 + 2§ + 22823 + 2§
wi3s

The ideal of relations is generated by the elements
Y5 = Yoys +2ys, Yy = Tays — Yo + 2
Y1Y2 = T1Yy3 + T3Y3, YoY2 = T2Y3 + Y2
Yoy1 = T1Y2 + T3y2 — 2y1, 1Yo + T3yo = T2y + X1 + 3
T3Y2 = T173Ys + 3Tayo — Yi — 3T2,  T5Yo = T1T3Y2 + T3 — T1y1 — T3y
zg + x%yo = ToX3Y1 — x% + 173,
Proof. Since ¢ = 3,b = 3,¢c = 2, and abc — a® — b> — ¢ + 4 = 0, Theorem implies
that A is not acyclic. Thus, Proposition [6.1.2] asserts that A is totally coprime. Let S be
the domain in F(A) generated by the seven listed elements. Using Lemma and a
computer, we see that the ideal of relations in S is generated by the elements above.
The following identities imply that L, C S.
xll = T3Yo — T1, x’2 =X1T3Y1 — LUleg - ZC%I'?,, xlg = —Z3Yo + x2y1 + 71
The following identities imply that S C Ux.
vitai+af _ (@f+a25)° + (o] +28)ap 2%+ a5+ 2

Yo = 7 = 3 - 7
3T T1T3To T1T3

gy = )’ el tasry) (@1t as)(ef - aars 4 af) + o
! TowsT? T1T3TH
(2f +23)* + 28 (23 + z123)

T T2x
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(23 + 23)° + w3(23 + 23)2) + 22327 + xga? + 2!

Y2 =
a:gxgsc’f
3 3\5 2 2\(..3 12,13 16
_ (@ 4 a3)° + (207 + 2123 + 203) (27 + 23) 75 + (1 + 73)2)
x%z%x’zs
(21 + 23 — a12f + 2F) (2 + 23 + 20124 + 2F)

- 2 2
T{T225

(23 + 23 — w32 + @) (23 + aF + 22321 + 27)

noo
_ (@1 +23)° (2] — 21w + 28)° + 25)° (21 + 23) (21 — 2173 + 25)° + 2F)
z3xsrly
_ (@f tad - mwy + ) (@ + @ + 2002 + 2F)
B r3xdald

A computer verifies that (Szyzaxs : (SDyx)®) = Szix223. By Lemmald.4.20 S=U. O

Remark 6.3.2. This example serves of a ‘proof of concept’ for the algorithm of Section
The above generating set has no distinguishing properties known to the authors; it is
merely the generating set produced by an implementation of this algorithm.

7. LARGER EXAMPLES
We explicitly present a few other non-acyclic upper cluster algebras.

7.1. The Markov cluster algebra with principal coefficients. Consider the initial
seed in Figure [ As in the previous section, this seed has 3 mutable variables, but it
has principal coefficients — a frozen variable for each mutable variable, and the exchange
matrix extended by an identity matrix. Results about principal coefficients and why they
are important can be found in [FZ07].

0 -2 2
2 0 -2
-2 2 0

B=11 0 o Q=
0 1 0
0 0 1

FI1GURE 6. The exchange matrix and quiver for the Markov cluster alge-
bra with principal coefficients.

Proposition 7.1.1. The upper cluster algebra U is generated over Z| 1i1 L il] by

Ja i I3
T1,%2,23,
L, = 23 + fofsw3 + f3$%’L2 _ 23 + fafial + flfU%’L3 _ 21+ fifo03 + foad
T2T3 31 T1T2
= fiLi+ (fifafs — 1)2’ L= foL3 4+ (fifafs — 1)2,1/3 _ fsL3 + (fifafs —1)?

X1 o I3
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The ideal of relations is generated by the elements

z122L3 = 2% + f1fo23 + fox3, viyeLs = fifoyi +v3 + f1y3
zox3Ly = 25 + fof3x3 + f377, yoysla = fofsys +ys + foui

z321Lo = 23 + fafizi + fi23, ysyilo = fsfiys +yi + f3u3

fax1Ly —x3L1 = axa, filiys — L3y = ays
fizoly —x1 Lo = axz,  faloyn — Liy2 = ays
forsLo —xoL3 = a1, f3Llays — Loys = aiy

x1LoLy = f1fowroLo + fiwi Ly +a3L3, yi1LaoLz =yaLo + fiyi Ly + fifaysLs

xoL3Ly = fofswsLs + foxaLls + 21L4,
x3L1 Lo = f3fiz1L1 + fsxsLs + xoLo,

yaLaLi = y3Lz + foyaLo + fofiyi Ly
ysLi1Ly = y1 Ly + f3ysLs + fsfaya Lo

2oys = fofsLoLs —aly, x3y1 = fafilsli —als, x1y2 = fifol1Ls —als
21Yys = L1Ls + foaLs, xoy1 = LoLi + fsals, x3ys = LaLls + fialy

riy1 = fil3 +a?, xoys = fol3 + %, m3ys = f3li+a®
LiLsLs — f1L? — oL} — f3L3 = o

where o := f1fofs — 1.

Proof. The exchange matrix B for the initial seed above contains a submatrix that is a
scalar multiple of the identity, thus B is full rank. Theorem [2.4.3] asserts that A is totally
coprime. Let S be the domain in F(A) generated by the twelve listed elements. Using
Lemma and a computer, we see that the ideal of relations in S is generated by the

elements above.
The following identities imply that Ly C S.

zy = x3Lo — f3fiz1, x5 =wx1L3 — fifoxe, x5 =ax2L1 — fafsxs

The following identities imply that S C Uy.

;o wtesatalfofs+ fa(ai+ a3 f1)? _ ai+alfo+ fewy i + fofs(ad +2ifs)
! 2woxs rhrs Toxh
I rag + 1?/22213%f3f1 + f1(23 + 23 f2)? _ x5+ aifs + fraf _ o + f3fi(x3 + 23 f1)
2 rBrsTy xhay r3x}
I vfa} 4+ 2R3 fifo + fo(ad + 2?1 f3)? _ 2} + 23 f1 + fox? _ o + fif2(23 + 2% f2)
3 w1 T0 Th o T17h
= wi“wg-i-w’flw%flf§f§+2w’f(w§+w§fl)wgflgs-&;fgfg?(w%-i-w%fl)3+2w/12(w§+w§f1)w§f1f2f§
.’L‘l xT 1)3
_ f1(@3 + a3 fo + f302)? + (frfofs — 1)?xF a3
Ty xiad
_ N (@8 +ab fofs (23 + 21f3)))? + (fifafs — 1)%aiadal
r3xdal
Yo = ah i t+abw] fa f7 f1 4208 (fJf/’l+9”3f2)303,fzf21+2f22f1(IlJrﬂUgJCZ)sJFQIlzg(JﬁfJrf"?gfz)ﬂﬁ%fzfsfl2
rFriry
_ fo(23 + aifs + frad)? + (fofsf1 — 1)2xa?
TozrRa?
_ falwa (@ + 2 fsfi(2d + 23 f1))? + (fafsfr — 1) adaial!
- 3.2 .14

T3]
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aitaltaftad f3 f1 fa+2a (3423 f3)al fafot fafs (aa+alfz)®+2a8 (a3 +af f3)ad fafifs

T3 TiTy
_ f3(zd 4+ 23 f1 + f222)? + (fsfifo — 1)%a a3
3ol
. f3(x3(x’23 + x/zflf2(931 + m5f2))) + (fafife — 1) xsxle
= 3,2 /4
L3X1Ty

A computer verifies that (Sxizozs : (SDx)*°) = Szyx223. By Lemma AS=U. O

This presentation is enough to demonstrate an unfortunate pathology of upper cluster
algebras. If B is an exchange matrix, and Bf is an exchange matrix obtained from B by
deleting some rows corresponding to frozen variables, then there are natural ring maps

s: AB) — A(B"), s:U(B)— U(B)

which send the deleted frozen variables to 1. It may be naively hoped that the map on
upper cluster algebras is a surjection, but this does not always happen.

Corollary 7.1.2. For B be as in Figure@ and Ba 22 as in Figure@ the map
S U(B) — U(Bg)2’2>
does not contain M € U(Bz2,2) in its image, and so it is not surjectiveﬂ

Proof. One checks s(f;) = 1, s(x;) = x;, s(L;) = ;M and s(y;) = ;M?. Let p be the
quotient map

p: u(8272,2) — U(BQ72,2)/<(£1,£L‘2,1’3> ~ Z[p(M)}
Since all of the generators of U(B) map to 0 or 1 under the composition p o s, p(M) €
Zlp(M)] is not in the image of po s and so M € U(B2 22) is not in the image of s. O

7.2. The ‘dreaded torus’. Consider the initial seed in Figure[7}

o -1 1 1 .
10 -2 1

-1 Q= (o)

FIGURE 7. The exchange matrix and quiver for the dreaded torus cluster algebra.

Proposition 7.2.1. The upper cluster algebra U is generated over Z[f*1] b

a,b,c,d
7b2+c2+ad v — ad?® + ac? +bcf+b2d Z7a2d+ac2+bcf+b2d
N bc ’ N acd N abd ’

The ideal of relations is generated by the elements
beX =2+ +ad, ¢Y—-bZ=d—a
acX —adZ = ab—bd — cf, bdX —adY =cd—ac—>bf
bXZ —aX —bY —cZ = f.

12Here, M is defined as in Proposition
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Proof. The exchange matrix B is full rank, and so Theorem [2.4.3] asserts that A is totally
coprime. Let S be the domain in F(A) generated by the eight listed elements. Using
Lemma and a computer, we see that the ideal of relations in S is generated by the
elements above.
The following identities imply that Ly C S.
o =—cX+dZ+b, b=cX—-b =bX—-c d=-bX+aY +c
The following identities imply that S C Ux.

(b? +cAa’ + (bd+cf)d  *+ad+ b2

X = a’be - ct’
(P +0)d + (ca+bf)a b4 da+
N d'ch B bc!
v - d?+c*+a'b  b?ad® 4+ b%ac® + (P + ad)cf + (¢ + ad)?d
cd abcd
 Pd+a*+ad)+ b alac+bf) +d?ec+ d'b?
B ac'd N acd’
7 _ a?+b*+dc  ?da®+ 2db? + (b + da)bf + (b + da)?a
ba dc?ba
_ bVPa+d( +da)+Vef  d(db+cf)+a?b+dc?
B db'a B dba’
A computer verifies that (Sabed : (SDx)*°) = Sabed. By Lemma S=U. O

This presentation makes it easy to explore the geometry of Spec(f). One interesting
result is the following, which can be proven by computer verification.

Proposition 7.2.2. The induced deep ideal UD 1is trivial.

As a consequence, Spec(U) is covered by the cluster tori {Spec(Z[zi?, ..., 21])} coming

from the clusters of Y. Since affine schemes are always quasi-compact) | this cover has a
finite subcover; that is, some finite collection of cluster tori cover Spec(U).

Remark 7.2.3. This cluster algebra comes from a marked surface S with boundary (via
the construction of [FSTO08]); specifically, S is the torus with one boundary component
and a marked point on that boundary component.

A marked surface also determines a (commutative) skein algebra Sk1(S) defined topo-
logically in terms of immersed curves in S. In [Mull2], it was shown that a certain
localization Sk¢(S) of Ski(S) fit naturally into containments A(S) C Sk9(S) C U(S).
In this perspective, the generators X,Y, Z of U(S) correspond to loops in Ski(S). As a
consequence, Sk{(S) contains a generating set for ¢ (.S), and so the two algebras coincide.

Remark 7.2.4. The epithet ‘the dreaded torus’ was coined by Gregg Musiker in a moment
of frustation — among cluster algebras of surfaces, it lies in the grey area between hav-
ing enough marked points to be provably well-behaved [Mul13l MSWTI] and having few
enough marked points to be provably poorly-behaved (like the Markov cluster algebra).
For example, it is still not clear whether A = U/ in this case (despite the presentation for
U above).

13[Har77, Exercise 2.13.b].
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