SYZYGIES OF POLYMATROIDAL IDEALS
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ABSTRACT. We introduce the cave polynomial of a polymatroid and show that it yields a valuative function
on polymatroids. The support of this polynomial after homogenization is again a polymatroid. The cave
polynomial gives a K-theoretic description of a polymatroid in the augmented K-ring of a multisymmetric
lift. As applications, we settle two conjectures: one by Bandari, Bayati, and Herzog regarding polymatroidal
ideals, and another by Castillo, Cid-Ruiz, Mohammadi, and Montafio regarding the Mobius support of a
polymatroid.

1. INTRODUCTION

A polymatroid & on the set [p] ={I1,...,p} with cage m = (my,...,mp) € NP is given by a function
rk»: 2[P) — N satisfying the following properties:

(i) (Normalization) rkg (&) = 0.
(i) (Monotonicity) ks (J1) <tks (J2) if J1 C ]2 C [pl.
(iii) (Submodularity) rks (J1NJ2) +1ks (J1UJ2) <tk (J1) +1ke (J2) forall J1, ]2 € [pl.
(iv) (Cage) rko ({i}) < my forallie [pl.
We say that rk 5 : 2[P) — N is the rank function of 2 and that the rank of & is given by rk(2?) =rk s ( lpl).

A polymatroid with cage m = (1,...,1) is called a matroid.

Let R =K[xi,...,xp] be a polynomial ring over a field k. Let &7 be a polymatroid on the set [p] with
cage m € NP. The polymatroidal ideal 1 C R of &2 is the monomial ideal generated by the monomials
corresponding to the lattice points in the base polytope B(.2?) of &. For each i > 0, the i-th homological
shift ideal HS; (1) C R of 14 is the monomial ideal generated by the monomials corresponding to the
shifts in the i-th position of the minimal free R-resolution of [ 5.

Let I(#?) be the independence polytope of . The Mébius function wg: ZP — Z of the polymatroid
& is defined inductively by setting L (n) =1 if n € B(4?) and

He(n) = 1— Z o (W)
we (n+2P,)n1(2)
ifne [(Z)\B(£). Foralln € ZP \ I(£?), we set ugp(n) = 0. The Mobius support of &2 is defined as

u-supp(#) ={n € NP | up(n) # 0}
The main goal of this paper is to settle the following two conjectures regarding polymatroids.

Conjecture 1.1 (Bandari — Bayati — Herzog [Bay 18, HMRZ21]). All the homological shift ideals HS; (1 %)

of 1o are again polymatroidal ideals.

Conjecture 1.2 (Castillo — Cid-Ruiz — Mohammadi — Montafio [CCRMM?22]). The Mébius support of &

is a generalized polymatroid (i.e., a homogenization of it yields a polymatroid).
1
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Conjecture 1.1 has been verified in the following cases: in [Bay18], if &7 is a matroid; in [HMRZ21], if
& satisfies the strong exchange property; in [FH23], if &2 has rank two; see also [Fic22]. In [CCRMM?22,
Theorem 7.17], the conclusion of Conjecture 1.2 was proven in the case where & is realizable, thus
serving as motivation to state this conjecture. By [CCRMM?22, Theorem 7.19] or [EL23, Remark 3.5], we
know that Conjecture 1.2 holds when &7 is a matroid.

The K-ring of a matroid was recently introduced by Larson, Li, Payne, and Proudfoot [LLPP24]. Since
the K-ring of a matroid has already become an object of interest, we are also interested in a K-theoretic
description of the polymatroid &?. Let .# be a matroid on a ground set E with subsets 8i,...,8, CE
such that the restriction polymatroid is &?. By considering the augmented K-ring of .#, we say that the
Snapper polynomial of &7 is given by

Snapp (t1.....tp) = X(///aﬁég,t' ®~--®Lé®:p).

For more details, see Definition 2.15, Definition 2.16, and Definition 2.17.

Motivated by the combinatorial notion of caves introduced in [CCRMM?22], we introduce the cave

polynomial of a polymatroid. The cave polynomial of & is given by

p—1
cavep(ty,...,tp) = Z 15(n) H <1 —max {1y (n—e;+ej) }ti_l) ",

: . i<j
neNP and |n|=rk(Z) i=1

where 14 denotes the indicator function of the base polytope B(£?) of £2. It turns out that the Snapper
polynomial Snapp ,(ti,...,tp) and the cave polynomial cave »(ti,...,t,) encode the same information.
Indeed, we have the equality

Snapp ,(ti,....tp) = b(caves(ti,....tp)),

where b: Q[ty,...,tp] — Q[ti,...,tp] is the Q-linear map sending t;" ~--t;‘3 to (“:1“1) (tp;t:*’) (see
).

Our goal is to investigate various aspects of the cave polynomial. When &7 is realizable, our approach
is to consider the corresponding multiplicity-free variety (see Remark 2.5). To address the general case
(where & need not be realizable), our main idea is to show that the cave polynomial yields a valuative
function on polymatroids. The theorem below contains our main results.

Theorem A. Conjecture 1.1 and Conjecture 1.2 hold. More precisely, we have:

(i) The support of the cave polynomial cave »(t1,...,tp) of & is a generalized polymatroid.

(i) The cave polynomial cave »(t1,...,tp) of & satisfies the equality

cave s (t,....tp) = Z R ()t tp7.
ncNP
In particular, Conjecture 1.2 holds.
(i) The K-polynomial of the polymatroidal ideal 1 5 C R is given by
K(Ipitr,..otp) = M-ty P cave sy (17101,
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where 2 =m— P is the dual polymatroid with respect to the cage m. Thus the i-th homological
shift ideal of 1  is given by

HS (1) = (x{“ X2 | neNP, || =rk(2)+1 and 1 (m—n) 7&0).
In particular, Conjecture 1.1 holds.

(iv) The function & — cavep(t1,...,t,) assigning the cave polynomial to a polymatroid is valuative.

2. PROOFS OF OUR RESULTS

Let & be a polymatroid on [p] ={1,...,p} with rank function rk 5 : 2Pl 57 Letm= (my,..., mp) €
NP be a cage for the polymatroid &?. This means that

tkp({i})) < my forall 1<i<p.
Let k be a field and R = K[xi,...,x] be a standard NP-graded polynomial ring with deg(x;) = e; €

NP for every i. Let S =Kk [xi,j [1<i<p,0<j< mi] be a standard NP-graded polynomial ring with
deg(x; ;) = e; € NP for every i,j. We note that

MultiProj(S) = P = P xi--- kaTk“P

is the product of projective spaces associated to S.
The base polytope of the polymatroid &7 is given by

B(2) = { v=(vi,...,vp) € R;’O ‘ Y P vi=r1k(2) and Y jey vy <rk(]) forall ] C [p] }
The independence polytope of & is defined as

1(2) = { v=(1,0vp) €RYy | Xy vy < k() forall ] C fp) .

We have the following equality

where + denotes the Minkowski sum.
Our two objects of interest are the following.

Definition 2.1. (i) The polymatroidal ideal 1 C R of the polymatroid &7 is the monomial ideal given
by
Ip = (x"=x" -xp” | n € B(2) NNP).
(ii) The Mébius function g : ZP — Z of the polymatroid &2 is defined inductively by setting (Lo (n) :=
1ifn e B(£) and
He(n) = 1— Z o (W)
we (n+2%,)n1(2)
ifne [(Z)\B(Z). Whenn & [(£), we set Lt (n) :=0. Then the Mébius support of & is defined

as
psupp(P) = {neNP | up(n) £0}.
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Consider the minimal ZP-graded free R-resolution

Bi
Fo: = Fi=@DR(-bij) == Fg = Iy =0
j=1

of I 5, where each by ; = (b 1,...,bijp) € NP. The i-th homological shift ideal of 15 is given by
HSi(I») == (x"[1<j<Bi) C R

Notice that the equality HSy(I4) = [ & holds.

Definition 2.2. The K-polynomial of 15 is defined as

Bi
K(Ipiti.otp) = ) (—1)') "9 € Z[ty,....tp]
>0 j=1

(see [MSO05], [KMOS5]).

Remark 2.3. By an abuse of notation, we also denote by &7 the associated base discrete polymatroid (i.e.,
the lattice points in B(2?) N NP). Being a base discrete polymatroid is equivalent to being an M-convex
set in the sense of Murota [Mur(03].

We shall need the following “dual version” of the aforementioned polymatroidal ideal.

Definition 2.4. The dual polymatroidal ideal ] » C S of &7 with respect to the cage m is given by

Jo= [ bPma= [) (xjll<i<pand0<j<mi—my).
neB (Z)NNP neB(Z)NNP
The polymatroidal multiprojective variety of & with respect to the cage m = (my,...,my ) is given by

Yy = V(J») C P=P" Xk"'XkP:H’.

Remark 2.5 (k infinite). Our motivation to consider the multiprojective variety Y45 C P comes from the
following algebro-geometric ideas that are available in the realizable case. If & is realizable (i.e., linear
over K), then we can find a multiplicity-free subvariety X4 C P such that the support of its multidegrees is
given by & (see [CCRMM?22, Proposition 7.15]). Then a remarkable result of Brion [Bri03] yields a flat
degeneration of X 4 to Y. This means that the multigraded generic initial ideal of the prime associated
to X is square-free and coincides with ] (see [CCRC23, Theorem D]).

Remark 2.6. We say that the support of a polynomial f(ti,...,t,) € R[ty,...,tp] is a generalized poly-
matroid if the support of the homogeneous polynomial tgeg(f)f (t—(‘),...,%) € Rlto,t1,...,tp] is a (base
discrete) polymatroid.

Remark 2.7. When & is a matroid, | % is the “matroid ideal” studied in [NPS02].

Remark 2.8. The set Y :=m— 2% ={m—n|n € &} is also a polymatroid. We call it the dual
polymatroid of & with respect to the cage m. The rank function of the dual polymatroid &2V is given by

kv (]) = ij +1ko ([pI\]) —rka(lp]) forall]C [p]
IS

(see [Sch03, §44.6f]). Moreover, we have 22V = 2.
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Remark 2.9. The Chow ring of P and the Grothendieck ring of coherent sheaves on P are given by
Z[ty,...,t Z[ty,...,t
ml—Ell TTP;]J‘F] and K(P) = ((1_t1)m1+[1] (lp_]t )mp+1)'
() ity

For any coherent sheaf J on P, we can write

7] = S en(F) [Opni sy ypre | € K(P).
neNP and |n|<dim(Supp(F))

A*(P) =

For any closed subscheme X C P, we set ¢, (X) := ¢cn(Ox). Since by construction dim(Y 4) =rk(£2), we
can write the class [Oy ] € K(P) as

Ov,] = > aalYs) [ sy pre] € KIP).

neENP and |n|<rk(£2)
Under the above isomorphism describing K(P), we can also write
[Ov,] = > ca(Yo) (1—t))™ ™. (1—t,)™ ™ € K(P).
neNP and |n|<rk( &)

Then we obtain

Yol = Y el M e AN(P)

neNP and n|=rk(Z)

(i.e., when [n| = dim(Y %), the constants cp(Y45) = degp(Y ) encode the multidegrees of Y5 ).
The next technical proposition relates the previous invariants we have seen.

Proposition 2.10. Under the above notation, the following statements hold:

(1) wp(n) =cy(Yx) foralln € NP.
(ii) In terms of the dual polymatroid 2~ =m— 2, we have the equality
KlLpit) = Y ealVo) ™ gl ™,
neNP
Proof. (i) This part follows from [Knu09] (see also [CCRMM22]).
(i1) Consider the K-polynomial K(S/]J;t) of S/] 5. Since each minimal prime of ] 5 is of the form
pm—n (a Borel-fixed prime in a multigraded setting), one can show that the K-polynomial X(S/]J#;t) €
Z[ty,... ,tp] and the class [Oy y] € K(P) determine one another; that is, we have the equality

K(S/J7t) = Y calYor) (1= )™ ™Mo (1—tp)™ ™ € Z[ty..... 1)
neNP

(see [CCRMM22, §4]). The Alexander dual of J s C S is the monomial ideal K4 C S given by

Kg = ( Xm—n = Hléigp,0<j<mifnixi’j ‘ n € B(Z)NNP )
(see [HH11, Corollary 1.5.5]). By [MSO05, Theorem 5.14], we have the equality

K(Kpit) = K(S/Joi1—t) = D ca(Yo)t[" ™Mo p ™" € Zlty,... tp).
neNP

Notice that K4 can be seen naturally as the polarization of I, by mapping the monomial x™ ™" =

m;—mng mMp—Typ . . o s .
X “Xp in R to the monomial X, = ngigp,ogj <mi—n; Xij 10 S. Finally, by standard
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properties of polarization (see [HH11, §1.6]), it follows that X (I 5v;t) = K (K 4;t). This concludes the
proof of the proposition. U

We now recall the notion of valuative functions on polymatroids.

Definition 2.11. The indicator function 1 »: RP — Z of a polymatroid &7 is the function given by

1 ifveB(L)
1p(v) = .

0 otherwise.
The valuative group of polymatroids on [p] with cage m = (my,..., m; ), denoted Valy, is the subgroup
of Homges(RP,Z) generated by all the indicator functions 14 for & a polymatroid on [p] with cage m.
A function f: Poly, — G from the set Poly, of polymatroids with cage m to an Abelian group G is said to
be valuative if it factors through Valy,. This means that, for all #4,..., % € Poly, and all ay,...,ax € Z,
if Y ailp, =0 € Homges(RP,Z), then Y ¥ | aif(#;) =0€G.

Remark 2.12. From [DF10] or [EL24, Remark 3.16], the valuative group Valy, is generated by the indi-
cator functions of realizable polymatroids over C. Therefore if two valuative functions f,g: Pol, — G

agree on realizable polymatroids, then they are equal.

Our approach is based on defining the following polynomial and showing that it is valuative. We
call this polynomial the cave polynomial because it is motivated by the combinatorial notion of caves
introduced in [CCRMM22].

Definition 2.13. The cave polynomial of the polymatroid & is given by

p—1

cavep(ty,...,tp) == Z 15(n) H(l—max{lg (n—ei—i—ej)}ti_l)t“.
neNP and |n|=rk(2) i=1 v

Notice that cave »(ty,...,tp) is an honest polynomial in Z[ty,...,t,] and not a Laurent polynomial with

possibly negative exponents of the variables t;.

Remark 2.14. Write cave »(t) = Z|n|<rk(9) an(Z2)t". By ordering the points in B(£?) N NP with re-
spect to the lexicographic order (with 1 <2 < --- < p), we obtain a shelling of the facets of the simplicial
complex A(] #) associated to | o (see [CCRMM?22, proof of Lemma 6.8]). Then by [CCRMM22, Proposi-
tion 4.6], we obtain that the coefficients of the cave polynomial cave 5 (t) describe the class [Oy ] € K(P);
that is,
[OYL@] = Z an () [Opfkll X XkPRP
neNP and |n|<rk(£2)
Hence we have the equalities
an(Z) = cn(Yp) = pyp(n)

(see Remark 2.9 and Proposition 2.10). As a consequence, we can write

cave s (t,....tp) = Z R ()t tpP.

neNP
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By symmetry, since we can choose any lexicographic order on [p], we get

p—1
cave(ti,...,tp) = > 1om ] (1 —rirlg]x{l@ (n—ex(i)+ex)) }t;(li)> t"
neNP and |n|=rk(2) i=1
for any permutation 7w € &, on [p]. Let b: Q[ty,...,t,] = Qlty,...,tp] be the Q-linear map sending
t?‘ -~-t;p to (h:lm) (t"::?). The cave polynomial cave »(t1,... ,tp) satisfies the equation
(1) X (Y2, Oy, (vi,....,vp)) = (b(caves)) (vi,...,vp)

for all (vy,...,vp) € ZP.
We are also interested in the K-ring of a matroid and in the notion of multisymmetric lift.

Definition 2.15 ([LLPP24]; see also [EL23, §2.2]). Let .# be a matroid on the ground set E. Let K(.#)
be the augmented K-ring of .# , as introduced in [LLPP24]. We are interested in the following features of
K(A):

(1) It is endowed with an Euler characteristic map X (A ,—): K(A4) — Z.

(ii) Each nonempty subset 8 C E defines an element [Lg] € K(.Z).
(iii) The elements {[£ 5]}@g scE generate K(.#) as aring.

(iv) A line bundle in K(.#) is a Laurent monomial in the [Lg].

Definition 2.16 ([EL24, EL23, CHL"22]). The multisymmetric lift of &2 is a matroid .# on a ground set
E which is equipped with a distinguished partition E = 8; LI--- LIS, satisfying the following properties:
(i) I8i]| =m; foreach 1 <i< p.
(i) rk_4: 2F — N is preserved by the action of the product of symmetric groups & g X=X Bg..
(iii) For each J C [p], we have

I'kg})(]) = I‘k/{(USj) .
jeJ
The multisymmetric lift .# always exists (see [CHL 22, Theorem 2.11]). We say that . is a matroid on
a ground set E with subsets 8y,...,8, C E such that the restriction polymatroid is & .

Let .7 be a matroid on a ground set E with subsets 81,...,8, C E such that the restriction polymatroid
is &. By [EL23, Theorem 1.2], the Snapper polynomial of Lsg,,... L, satisfies the following equality

2) X(///,L?IV‘ ®-~-®L§:"> = X(Yz, 0y, (V)

for all v = (vy,...,vp) € ZP. Since the right-hand side of (2) depends only on &7, we can make the
following definition.

Definition 2.17. The Snapper polynomial of the polymatroid &7 is given by
Snapp 5 (ti,...,tp) = X <///,Lé®lt1 ®-'-®L§:p) € N[ty,....tpl.
We have the following explicit relation between the Snapper polynomial and the cave polynomial
3) Snapp 5 (ti,...,tp) = b(caveg(tl,...,tp)).

Indeed, the equality follows from (1) and (2).
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The next proposition is invaluable for our approach.

Proposition 2.18. The function cave: Poly, — Z[ty,...,tp], & = caven(ty,...,tp) assigning the cave

polynomial to a polymatroid is valuative.

Proof. Due to Remark 2.8, Remark 2.14, and Proposition 2.10, it suffices to show the valuativity of the
function assigning to each polymatroid &7 the NP-graded Hilbert function of the polymatroidal ideal
I» C R. For all n € NP, we have that dimy ([I»],,) # 0 if and only if n belongs to the region

U (w+2z2).

weB(Z)NNP
Equivalently, we obtain
. | ifB(@)ﬁ(n—i—Rp )#@
dimy ([I»],) = i, pe (27) = <0
= 0 otherwise.
Finally, from [AFR10, Corollary 4.3], we know that the function i, +RP, Pol,, — Z is valuative. (The
statement of [AFR10, Corollary 4.3] is for matroids, but the same proof holds for polymatroids.) U

Lemma 2.19. For any b € NP, the set ' = Z —b={n—b|n € & andn > b} and the truncation
Py ={n € Z | n = b} are both (base discrete) polymatroids.

Proof. Write Fo»(t) =3 5 ltl—n, for the generating function of & C NP. By [BH20, Theorem 3.10], the
polynomial F 4 is Lorentzian. Now, by [RSW23, Proposition 3.3], the generating functions F -, and F 5,
are also Lorentzian. Another application of [BH20, Theorem 3.10] yields that &’ and £, are M-convex
sets. Hence, they are both (base discrete) polymatroids. U

Lemma 2.20. Let i € [p] and consider 2’ = & —e; and Pe,. Then, for all n > e, we have the equalities
(Yo, ) = tne; (Y1) = ca (Vo).

Proof. The equalities cn(Y%i) = an(Pe;) = an—e;(P') = cn—e, (Yo/) follow from Remark 2.14. We
prove the other equality. Consider the functions f,g: Poly, — Z given by f(Z?) :=cy(Y%) and g(&?) :=
Cn—e; (Y2 —e; ). By Proposition 2.18, both functions are valuative. Thus, due to Remark 2.12, it suffices to
show that f and g agree on realizable polymatroids.

Let & be a realizable polymatroid over C. Due to [CCRMM?22, Proposition 7.15] and Remark 2.5,
we can find a multiplicity-free X C Pc =Pg" x -+ X P?p such that (&) = cp(Y2) = cn(X2). Let
H C Pc be the pullback of a general hyperplane in P’C“". Then, by Bertini’s theorem, we have that X » N H
is also a multiplicity-free variety and that cy—e, (X NH) = ca(X2). Again, applying [CCRMM?22,
Proposition 7.15] to the polymatroid &7 —e;, we obtain g(%?) = cp—e; (Y2—e;) = Cn—e; (X2 MH). So the
proof is complete. U

We are now ready to prove our main results.

Proof of Theorem A. (i) Set ¢ := p-supp(Z) ={n € NP | c,(Z?) # 0} = supp (cave»(ti,...,tp)) (see
Remark 2.14 and Proposition 2.10). We show that % is a cave (see [CCRMM22, §5]) and so it is a gener-
alized polymatroid by [CCRMM?22, Theorem 5.18]. Let b € NP and consider .o/ := %}, the b-truncation
of ¥. By Lemma 2.19, we have that #, is also a polymatroid. Iteratively applying Lemma 2.20, we
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get cn( ) = ca(Pp) = cnp(Z —b) forall n > b. Thus &7 = supp (cave »_p(t1,...,tp)) +b. We now
check the conditions of [CCRMM22, Definition 5.8]:

— Part (a) holds because we already know that 7P = 7, is a polymatroid.

— Part (b) holds by construction since the cave polynomial mimics the notion of stalactites.

— Part (¢) holds by induction on the rank of &2 because the rank of &7 —b is strictly smaller than the rank
of & when b # 0. The base case is clear since cave »(ty,...,tp) = 1 when & ={0} is the polymatroid

of rank zero.

Therefore, the support of the cave polynomial cave s (ti,...,t,) is a cave, and so we are done with the
proof of this part.

(i1) This part follows from Remark 2.14 and part (i).

(ii1) The equality

K(Ipitr..otp) = M-ty 7 cave sy (t7..01")
follows from Proposition 2.10 and Remark 2.14. By part (i), we already know that the support of
cave v (t) is a generalized polymatroid. This implies that the support of K (I5;t) = t™cave 5 (t71) is
also a generalized polymatroid. Recall that polymatroidal ideals have a linear resolution (see [HH11, The-
orem 12.6.2]). Hence HS; (I ») is generated by the monomials x" = xj"' -- -xg P of total degree rk(Z?) +1
such that t" = t{'' - ~tg P belongs to the support of K(I»;t). This implies the equality
HS; (1) = (xn | neNP, [n| = k() +1i and v (m—n) ;Ao)

and shows that Conjecture 1.1 holds.

(iv) This part was proved in Proposition 2.18. g
We finish the paper with the following example.

Example 2.21. We illustrate Theorem A in an explicit example. To this end, consider the polymatroid
& described in [PP23, Section 7]. It is a polymatroid on the set [3] ={1,2,3} with cage (2,2,4) and rank
function rk »: 283/ — N given by
k(@) =0, rk({1}) =rk({2}) =2, rk({3}) =rk({1,2}) =4,
rk({1,3}) =rk({2,3}) =rk({1,2,3}) =5.

The base polytope B(Z?) and the independence polytope I(Z?) are shown in Figure 1. The lattice points
in the base polytope are given by

B(2)NN? = {(0,2,3),(2,0,3), (1,2,2), (2,1,2), (2,2,1), (1,1,3), (1,0,4),(0,1,4) },
and thus the polymatroidal ideal I 5 C K[x1,x;,x3] is given by
Iy = (x%xg, XIX3, X1X5%X3, X3X0X3, XIX3X3, X1X0X3, X1X5, xzxé) .
The K-polynomial of I 5 is given by
K(Ipsti o, ts) = 155+t + 15t
— 24363t — 27t — 244583 — tTt] — 2t tot] — t3t3
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(1,0,4)

(2,0,3) (0,2,3)

12)

- L

X

FIGURE 1. Base and independence polytopes of &2.

+ 25t + Aot + 18 + 138+ttt + 51+t t] + ot
The dual polymatroid 22" of &2, with respect to the cage (2,2,4), is described by the lattice points
B(2Y)nNN? = {(2,0,1), (0,2,1), (1,0,2), (0,1,2), (0,0,3), (1,1,1), (1,2,0), (2,1,0) }.
The cave polynomial of &V is given by
cave pv (t1, t,t3) = tity + it + it +titots + 3t + 85 + ot + 13
—t2 2t ty — 5 — 2t t3 — 2tyt3 — 213
+t+t +ts.

Using the SageMath [Sag25] function is_lorentzian(), we verified that the homogenization of the
(sign-changed) polynomials X (I5;t;,t2,t3) and cave v (t1,t2,t3) are both denormalized Lorentzian

polynomials.
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